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FINITE ELEMENT METHOD II
Autumn 2015

Lectures (15h):

1. Accuracy, error estimation and adaptive remeshing

2. Heat flow and thermal stresses in FEM

3. Introduction to structural dynamics, free vibrations

4. Nonlinear problems in mechanics of structures - basic numerical techniques
5. Orthotropic materials and composite structures

6. Parametric modeling and design optimization

Computer lab (15h):
Modeling simple problems of: thermal stresses, contact mechanics, plasticity and residual stresses, free vibrations,
buckling, parametric modeling
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[2] Moaveni S.: Finite element analysis. Theory and applications with ANSYS. Paerson Education, 2015.

[3] Kleiber M. (red.): Komputerowe metody mechaniki ciat statych, seria Mechanika Techniczna XI, Warszawa PWN 1995.

[4] Xiaolin Chen, Yijun Liuv: Finite Element Modeling and Simulation with ANSYS. Workbench, CRC Press 2014

[5] Huebner K. H., Dewhirst D. L., Smith D.E., Byrom T. G.: The finite element method for engineers, J. Wiley & Sons, Inc.,
2001.

[6] Zienkiewicz O.C., Taylor R.: The Finite Element Method - different publishers and editions

[7] Krzesinski G., Zagrajek T., Marek P., Borkowski P.: MES w mechanice materiatow i konstrukcji. Rozwigzywanie
wybranych zagadnien za pomocg programu ANSYS, Of. Wyd.PW 2015

[8] Bijak-Zochowski M., Jaworski A., Krzesinski G., Zagrajek T.: Mechanika Materiatéw i Konstrukcji, Tom 2, Warszawa, Of.
Wyd. PW, 2014

Assessment based on the final test and the results of computer lab work
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FINITE ELEMENT METHOD

Real object

1. ACCURACY OF FE ANALYSIS.
ERROR ESTIMATION AND ADAPTIVE REMESHING

—D Real result w,

material properties, laws of physics

47 geometry, boundary (initial) conditions

Methematical model
(continuous)

discretization
approximation

Discrete
model

%numerical calculations

Numerical result = w,

Exact solution

>of the mathematical model W,

Exact solution of the

‘D discrete model Wy

&, =w,—w. —modeling error,
&, =w,—w, — discretization error
&, =w, —w, —numerical error

Total error:

g =6 +E,+8, =W, —w,

The most effective FEM analysis:
€& ~ &1 ~ &n

Approximate methods — flow chart
(valid also for other methods e.g. Boundary Element Method - BEM and Finite Differences Method - FDM)
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Modeling error &

Depends on the accuracy of the available information about the problem and knowledge of the analyst (1D — 2D — 3D models, linear,
nonlinear, assumed simplifications, reliable information concerning material properties, loads.)

The example — wooden board
Different models for the prablem
ya)

one dimensional modeff - beam )
Mathematical model:

SESEEFRFAEL & S A A % +1.2, 3 dimensional

— sproperties of wood: isotropic-orthotropic, moist-
dry, homogenous-inhomogeneous, rate dependent-
rate-independent)
[ N j scontact interaction model (friction)

m?2

*loadings

three dimensional ngpdel — solid volume
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Discretization error ¢€d

Depends on the mesh density, types of the elements — shape functions, the shapes of the finite
clements

A Solution wy

§§§§ S== i e it i - PO S VR ' —
N e |1 R * Exact solution w,
*
* Discrete solution wy
I -
.186398 50 150 250 400
25 100 200 300 No. of DOF'’s

FE mesh and von Mises stress distribution Discrete solution versus exact solution of the continuous problem

There are some mathematical convergence requirements in FEA concerning the mesh, shape functions, and rules of FE model
building.
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Numerical error &n

[K]ta} =1},

[K +0K]{q+5q) ={F +5F)}. — %smmuu[m“”{

u{aF}\u\[ﬁKmJ
GG

condition number of the matrix K

cond ([K]) =[x 1] [x1"

Norm of a matrix (vector)— a measure of magnitude
Lo- Euclidean norms

Vesor o o[y ).

N | —

Matrix norm H[K ]H = [Z > (kl.j )2] (matrix norm induced by the vector norm)
J i

Max norms (L~ norms)

H{Q}H - mlax|qi

| Y- T

A problem with a small condition number is said to be well-conditioned, while a problem with a high condition number is said to be ill-conditioned.

cond(K) [>1 cond(K )= 1 - problem well-conditioned cond(K )» 1 - problem ill-conditioned
Reasons of ill-conditioning of the problems in FE stress analysis — great differences between stiffness of FE elements, unstable boundary conditions



FEM Il - Lecture 1 Page 6 of 16

Wskaznik uwarunkowania macierzy e eiytkod]

Zasugerowano, aby ta sekcja zostata przeniesiona do nowego artykutu nazwanego Wskaznik uwarunkowania
macierzy. (dyskusja)

I-_F_!

Wskaznik uwarunkowania macierzy A w réwnaniu Az = b jest charakterystyczng wtasnoscig macierzy informujgcg o tym, jakie wzmocnienie bedzie miata zmiana
normy macierzy A na norme rozwigzania x.

Wskaznik uwarunkowania macierzy definiuje sie bardziej precyzyjnie jako maksymalny stosunek btedu wzglednego wektora rozwigzania x do btedu wzglednego b.
Zatozmy, ze e jest bledem b. Stad btad w rozwigzaniu A1 WYnNosi Ale. Stad stosunek relatywnego btedu rozwigzania do relatywnego btedu w b wynosi:
A ell /A8
llell /e
Mozna to przeksztatcic do:
(147 ell/llell) - (l1bll /1A~ B).-

Maksymalna wartos¢ (dla niezerowych b i e) bedzie iloczynem dwaéch norm (definiowanych w rézny sposob, np. czesto jako norme traktuje sie maksymalng sume
wartosci bezwzglednych wierszy):

K(A) = [| A7) - (Al

Definicja ta jest taka sama dla kazdej zwartej normy. Liczba ta pojawia sie tak czesto w algebrze liniowej, Ze nadano jej nazwe wskaznika uwarunkowania
macierzy.
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Zastosowania [ edytuj| edytuj kod |

Wskaznik uwarunkowania macierzy pozwala na oszacowanie, z jakg (maksymalnie) doktadnoscia (do ilu miejsc po przecinku) mozemy podac wynik. Dokfadnosé
jest zalezna od iloczynu epsilonu maszynowego | wskaznika uwarunkowania. Zatézmy dla przyktadu, Ze mamy macierz A

A:[l 2]’

3 4

A‘lz[_g 1 ]
1,5 —05

i
Stosujac tak zdefiniowang norme: || A|| = mazy<i<n Z |a;;| mozemy obliczy¢ wskaznik uwarunkowania k(A) = ||A7!|| - [| A = 21.
j=1

Jako inny przyktad rozpatrzmy prosty ukiad rownan typu Ax = b. Jesli do naszych obliczen wybierzemy macierz o wysokim wskazniku uwarunkowania, np.:
1 2 (4
A- b — c:mdA — 35 988,

l 2 3,999] (A)

to otrzymane rozwigzanie jest niestabilne. Oznacza to, Ze mata zmiana wartosci wspofczynnikéw moze znaczaco wptynac na wynik.
2 4

W podanym wyzej przypadku rozwigzanie wynosi X = [ ] ] . Jesli zmodyfikujemy nastepujaco wektor b to otrzymamy rozwigzanie x = [0 l .
W przypadku macierzy dobrze uwarunkowanej np.:

A:[l 2];b:[ 4 l;cond(A):%,
2 3 7,999

3,998]

rozwiazanie wynosi x =
igzanie wynosi x lU,OOI

Jesli zmodyfikujemy nastepujaco wektor b = [:] , to otrzymamy rozwigzanie x = lg ] , ktore jest zblizone do poprzedniego.
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The example (ill conditioned problem):

kA

q1 Q@ kB q3
e AAA A e AAA A e
k —k kA _kA q, E
[k]e = |:_k k :| _kA kA +k kB Q2 = FVZ
2x2 _kB q; F,

q,=0

Let’s assume:

The solution:

The result:

The example of the very small perturbation

For changed force vector : {

@)
k,

-2

—0.001
—0.002

ol

_1414
4]

cond(K) = 4+10°
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First equation

_k+k, R
95 = T 9>~ T
B B
Second equation
1
93 =4, T
kB
System ill-conditioned if
k,+k
—A—L 51 o L7 —0
ks ky
Sensitivity to the slop change
Ka<<Kg system ill conditioned >

Round-off error
As a general rule, if the condition number cond(K) = 10%, then you may lose up to maximum k digits of accuracy during the solution of the system of
linear equations. However, the condition number does not give the exact value of the maximum inaccuracy that may occur in the algorithm.

r= p-—log,, (cond ([K]))

p — number of significant digits in the computer representation of numbers

r — number of significant digits of the result
In FE models  cond(K) reaches 10°

xxx SYSTEM INFORMATION MESSAGE 4159 (DFMSA)
THE DECOMPOSITION OF KLL YIELDS A MAXIMUM MATRIX-TO-FACTOR-DIAGONAL RATIO OF 2 .594055E+04
=xxx USER INFORMATION MESSAGE 3035 (SOLUER)
FOR DATA BLOCK KLR
SUPPORT PT.NO. EPSILON STRAIN ENERGY EPSILONS LARGER THAN 0.001 ARE FLAGGED WITH ASTERISKS
1 1.2207031E-16 6.1035156E-05
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A posteriori error approximation techniques

Element and nodal solution in FE program postprocessors (PLESOL, PLNSOL in ANSYS)
FE solution provides the continuous displacement field ( from element to element), and the discontinuous stress field.
To obtain smooth stress distribution, the averaging of the stresses in the nodes is performed ( nodal stresses).

PowerGraphic: EFACET=1
EFACET=1 AVRES=Mat
DNX =.086853 DX =.086853
SN =-14.333 SMN =-10.372
SMX =379.111 SNX =870.25
-10.372
-14.333 |
[ | o 31-919 {
= 29.383 | 74.211
0 73-099 o 116.502
[ l16.815 o 168.793
[ 160.531 [ 201.085
— 204.247 | 243.376
247.963 [ 285.667
[
291.679 mm 327-959
= 335.395 370.25
379.111
JUN 11 2008 AN JUN 11 2008
00:32:13 00:32:37
PLOT NO. 5 PLOT NO. 6
ELEMENT SOLUT NODAL SOLUTION
STEP=1 STEP=1
SUB =1 SUB =1
TIME=1 TIME=1
% sy (AVG)
RSYS=0 RSYS=0
PowerGraphic: PowerGraphics
EFACET=1 EFACET=1
DMX =.025111 AVRES=Mat
SMN =116.884 DMX =.025111
SMX =379.111 SMN =116.884
- 112.324 SMX =370.25
— - mm 116-884
= —
= 233.429 | 201.339
= 262.566 = 229.491
= 2oi702 )
L 3200838 - :
= [] 285.795
] 349.975 = 313.946
379.111 B 342.008
370.25

Rectangular plate with a hole under tension. The model of the quarter of the structure. The stress component oy
Discontinuous ,,element solution” (left) and averaged continuous “ nodal solution” (right). Six-node triangular plane elements
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Basic relations between displacements, strains, stresses and strain energy within finite elements (the relations discussed during FEM I lectures)

Displacement field over the element is interpolated from the nodal displacements:
{u} =[N(x,y,2)] {¢},, where {g}, - nodal displacements vector , [N - shape functions matrix.

For example for the simplest triangular element with 3 nodes and 6 DOF the relatic i i ﬁ D g

LWE=3 LWE=6 LWE=4 LWE=8

Ul
ueey)| _[MGey) 0 N@y) 0 Ny 0 u| v
v, | 0 N@y) 0 N(xy) 0 N(xy) ||,

d \"
S A E

Shape functions Nij are usually polynomials defined in local (element) coordinate systems.

where Ni are the linear functions

Displacements, strains and stresses within each element are defined as the functions of the nodal displacements

tuy = [N]{g}..

{e}= [R]{u} =[R][N]{q}, = [B]{q},, [B]-strain-displacement matrix, [R] -gradient matrix
{o}= [D]{s} =[D][B]{4j.

The strain energy of the element Qe is:

v flellolan, vt (Lol (6] (0] 5] f o U.=>La.[#].{a}.

where [k ]e = J. B ] dQe is the stiffness matrix of the element (symmetrical, singular, semi-positive defined)
Q
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discontinuous

av =1
averaged stress vector at node n: {O' } =

" k

Page 12 of 16

Averaged stress vector
at node n

{ch™ =2 {o}i/k
(k=06)

continous
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Stress error vector at node n of element i {Aa}; = {0'}; - {O‘}ZV

The stress error vector {Aa}i within the element * i° may be determined by standard approximation using the stress error
Strain energy of the element 1

" U,~3 [l (e} a0,

vectors at nodes of element i {AO'}

; -1 . .
Then for each element so called energy error can be estimated {e} = [ D] {o}, D] — stress-strain matrix
1 - A
e.=—[|Ac|[D] {Ac} dQ, ETABLE-SERR 1 T
pyleellplisepae ) U= (Lo | D] (o} an,
Q, 2
' 0.
JUN 11 2008 JUN 11 2008
10:49:02 10:49:26
PLOT NO. 1 PLOT NO. 2
ELEMENT SOLUTION ELEMENT SOLUTION
STEP=1 STEP=1
SUB =1 SUB =1
TIME=1 TIME=1
SERR (NOAVG) SDSG (NOAVG)
DMX =.086853 DMX =.086853
SMN =.320E-08 SMN =.00959
SMX =.962E-03 SMX =1§6323
.320E-08 - 59
= -107E-03 = 1.367
) -214E-03 D 2-724
= .321E-03 O 4.081
o -427E-03 = 5.438
. .534E-03 ] 6.795
] .641E-03 J 8.152
— .748E-03 — 9.509
m .855E-03 ] 10.866
-962E-03 12.223

7 X
Initial mesh. SERR and SDSG error distribution

= {O‘}l - {O'}av for all nodes connected to element
n n n

SDSG - Aoi = maximum absolute value of any component of {AO‘}
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The energy error over the model
lLel.

e=Y e
i=1

The energy error can be normalized against the strain energy

e \2
SEPC = 100( j
U+e
U — total strain energy over the entire model

SEPC — percentage error in energy norm

The e; values can be used for adaptive mesh refinement. It has been shown that if e; is equal for all elements, then the model using

the given number of elements is the most efficient one.

This concept is also referred to as “error equilibration” (e, = const, SEPC< So).

Z? _method

Z-Z Estimator (ZZ_Estimator) — Error estimation by
Zienkiewicz and Zhu's superconvergent patch
recovery.

J. Z. Zhu and O. C. Zienkiewicz, “Adaptive Techmiques in the Finite Element
Method,” Commun. Appl. Numer. Methods, Vol. 4, 1988, pp. 197-204.

M. Ainsworth, J. Z. Zhu, A. W. Craig, and O. C. Zienkiewicz, “Analysis of the
Zienkiewicz—Zhu a Posteriori Error Estimator in the Finite Element Method,”
Int. J. Numer. Methods Eng., vol. 28, 1989, pp. 2161-2174.
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Adaptive Meshing Techniques

- Automatic refinement of FE meshes until converged results are obtained
- User’s responsibility reduced to generation a good initial mesh

START

v

Initial mesh

B

IF
(ei—e/N )/(e/N )<epsl
SEPC<eps2

’ YES

END

NO

% (AV
RSYS=0
DMX =.086851
SMN =-11.174
SMNB=-14.773
SMX =374.04
SMXB=375.198
-11.174
— 31.628
Mesh refinement B -5
(different mesh = 117.231
generation techniques) mm 160-033
] 202.834
] 245_.636
0 288.437
| 331.239
374.04

Z_X

Z_X

Final FE mesh and the results - Sy distribution (percentage error in
energy norm SEPC=0.811 %, uniform error distribution e;= const)



FEM Il - Lecture 1 Page 16 of 16

Selective adaptive meshing

If mesh discretization error (measured as a percentage) is relatively unimportant in some regions of the model, the procedure may be speed up by
excluding such regions from the adaptive meshing operations. Also - near singularities caused by concentrated loads and at boundaries between

different materials.

FIxea eqage 4'
Vg :
’ O o i T VR B " I |
. IEA S L SEmEs
o O T T 1L
P e S s e T : :
N D A : : i
; _ _ Selective adaptive meshing
(@) Initial Mesh (b) Mesh obtained with all areas in ANSYS
selected-- note excessive mesh

density near concentrated load
and constraints.

R

1 Bs ( .t.e) A6

o

(c) Unselect areas 5 and 8 {d) Mesh obtained with areas
prior to initiating ADAPT 5 and 6§ unselected.

Types of refinement in adaptive meshing :

h-refinement: reduction of the size of the element (“4 " refers to the typical size of the elements)

p-refinement: increase of the order of the polynomials on an element (shape functions from linear to quadratic, etc.)
r-refinement: re-arrangement of the nodes in the mesh

hp-refinement: combination of the h- and p-refinements.



